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Chapter 1 - Complex Numbers

CIHHAPTEIR 1

COMPLEX NUMBERS

The equation x*+ 1 = 0, has no solution x €R. To solve this
equation, we have to introduce extranumbers into our number
svstem. To do this, we define the number i by i*+1 = 0, and then
extend the field of all real numbers by adjoining the number i,
which 1s then combined with the real numbers by theoperations
acdiuon and multiplication in accordance with the Field axioms of
the real number system.

The numbers a + ib, where a; b €R, of the extended field are then
acced and multiplied in accordancewith the field axioms, suitably

extended, and the restriction i+ 1 = Q.

Imaginary Unit Number

It is defined as the number whose square is (- 1) , and it will be
cdenoted by the letter (1), i.e.

i=J-1, 2=-1, P==i, i*=41,....
Le.i™ =(=1); P =(-1)"1

where n is an integer. Hence, we may write
V-4 =4 =52

1

_(—]i\[—_3)=~:1£(—1i\/§i)

2
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Chapter 1 - Complex Numbers

COMPLEX NUMBER

Suppose thatz =x+ iy,
called the real part of z,

The real number y is €

by v = Im (). The setC={z:z

and denotedby x = Re (z).

where x; y € R. The real number x jg

alled the imaginary part of z, and denoteg

=x+iy;x yeR] is called the set of

all complex numbers. The complex number z =Xx - iy ,iscalled the

conjugate of z.It is easy to s€

(i) arg(; = —arg(z)
(i) =+ z=2x=2x=2Re(2)
(:\:—;=2zy=21m(z)
z+Z z—-Z
y=Re(z)=—= ; y=Im(z)=—7;
(2)=—5 y (2)=—>;

Furthermore, if w €C, then

—_—

c—w=z+W ; ZW=ZIW

ARGAND PLANE

There are two geometric
representations of the complex

number
1. as the point P(x, y) in the xy-plane

2. as the vector from the origin to .
In each representation, the x-axis 1S

called the real axis and the y-axis is

N

‘<

N

e that for every z €C, we have

K

3

0

"

the imaginaryaxis. Both representations are Argand diagrams for

z=x+iY.

-0 -
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Chapter 1 - Complex Numbers

In terms of the polar coordinates of x and y, we have
x=rcos€ , y=rsiné

z=x+iy=rcos¢9+irsin9

z=r(cos@+isin8) (1)
We define the absolute value of a complex number z = x +1 yto be

the length rof a vector OP from the origin to Px, y). We denote the
absolute value by vertical bars; thus,

r=lx+iy|=x*+y°

Note, however, that for a given z €C, argz is not unique. Clearly

we can add any integer multiple of2nito Owithout affecting (1).

The complex number z can be written as:
z = r[cos(8 +2xk) +isin(@ + 27k)]
z =rcis(6+27k)

tanH:z or H:tan'li
x x

Yy Y

cosf=———==> ; sinf= -
. /x2 e y2 'a ’x2 ey yZ ¥
Note, however, that for a given z €C, argz is not unique. Clearly

we can add any integer multiple of2mto 8without affecting (1).

The complex number z can be written as:

z = r[cos(8 +27k) +1isin(8 + 27k)]
z = rcis(@ + 2xk)

or :

z=re"* | (=0,1,2,3,-

’
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Chapter 1 - Complex Numbers

We sometimes call a real number 8 €R the principal argument of ,

if itsatisfies the equations
—r<arg(z)=7

The principal argument of z is usually denoted by Argz.

4 useful formula connecting a

The following equation gives

itsconjugatc = and its absolute value namely,

complex number z,

-
“

l

p—
' — A

t

EULER’S FORMULA
The identity
¢ =cos@+isiné

calledEuler’s formula, enables us to rewrite

z= r(cos€+isin€)

as

ié

z=re or z=rcis@

This formula, in turn, leads to the following rules for calculating

products, quotients, powers,anid roots of complex numbers. It also

leads to Argand diagrams for ¢ . Sincee”
y taking r =1, we can say that is

s an angle® with the + ve

=cos€+isint9’ is what

we get from Equation (1) b

represented by 2 unit vector that make

r-axis, as shown in the Figure .
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Chapter 1 - Complex Numbers

y
‘K("-cmo-f-umo » e =cosb+isin0

(cos 0, 3in 0)

ap
SEANY,

In the following Fig.

> X

point A represents the
complex number(3+2i)
and B . represents the

complex number

(-2+4i). Also, points il

C and D represented by
(-3-51), (1 - 31)

EXAMPLE 1 C

Express z=—/3 +i, in the form of amplitude and argument

SOLUTION

Amplitude =r =|z| = \[x* +
=V3+1=2

-9.
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Chapter 1 - Complex Numbers
— S

1 the second qnndmnt. since

¢ Fig. The number lies 1t

From th
cos = -2 —:‘ —x 2nd or 3rd quadrant
H i
siné = Y= —1 < 1" or2™ quadrant
“ v

575
‘. (J: ‘ --o-
K’é__\

&
'
. . ) |
The amplitude and argument form 15 - .
N\ : ( ".7]

: - i —

-=2qs| =—| or z=2¢ o
. ©

OPERATIONS ON COMPLEX NUMBERS
Addition and subtraction two Complex numbers:

Z, =x1+iy1 ,22=x:+z’y:
=2 ‘:: =l"T.‘+I:)+1(y1+y2)

—z = (x, —x)+ iy, - Y,)
Geomerrically, th f th t
Geomerrically, the sum of the two complex numbers z,,z, canoe

represented by the diameter of the parallelepiped oP , where z,,z.

LR}
1!
t

are rwo adjacent sides in it.
+)
)’:$
)’l]\
/ 4l -axi
- _.—d-"
\

- 10 -
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{ hapter |

Wil the &
senppaeritend Py the other (;”.QT".";P.’.:
A Jan. r, =~z tepresent the

dranct between them as in the
fpure

EXAMTLE 2»

- - -

resalts on Argand diagram.
SOLLUTION

Complet Numbers

L, =Jed:1,2, =3~1 determine 2, +2,, I, -2, , and draw th

Z)

I e

R

-~

28 - ’
.
”
. .
$- i .
by .
. P

te

"
N
H

4 |
F 5.
iy -

i~
|
™~

=3 (20 40)
=(3-2)r(—41-1)

N
-

=1-5:
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Chapter 1 - Complex Numbers

— —

———————————————

I_’»r.qdu,c_t’_()_l;Culnplcx_Numb_cr.';
Let
z, =X, + 1Yy = r,cis(f,)

:1 . .\.1 4 ,.Vl — ”](:15((}l ) ’ oy

Then

2,2 =(XX; -y ¥y) il Y, =X 41)

. ‘ 0, 0
= 1,1,Cis6, - cisf, = ne -ne

- MR +B) _ oy~
ne = ),lzczs(Hl +6,)

= r,r,[cos(6, + 6,)+isin(6, + 6,)]

Thus, the product of two y
complex numbers is represented o I

by a vector whose length is "'\/ —7

theproduct of the lengths of the ,',2‘\,,\ [=z .
rwo factors and whose argument Ve

is the sum of their arguments as _ 0“ \e’ e

in the Figure.
In particular, from Equation (12) a vector may be rotated

counterclockwisethrough an angle 6by multiplying it by €“.
Multiplication by  rotates 90°, by( -1) rotates180°,by (- 1) rotates

270°, and so on.
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Chapter 1 - Complex Numbers
TXAMPLESR
let e.=121,2, = <2 =1 . Calculate 2. .

SOLUTION

A: Sret we transform the numbers into polar form

- " 1ol a2

- = 4 @ = s =N =N i
b -
- . . - i
!5“1‘1::21:.‘0‘—’1-—
i -

- = \?‘.": :::=\3+1=2
sné =— =86, =210°=-150°=-5—gor330°=—30"

»

o8 8, = — :9.:3()?:-'1 or330°=—300=—£
6 6

)

(L)
C’l

]
| )
"
|
|

b4

Tyemn =N
'~ £ 4-x/6
=2J2e '
."_”‘ ’ :
=2J2 e

— g

2,2, =202 cos(x /12)+isin(x /12)]

1%
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Chapter 1 - Complex Numbers

DIVISION OF COMPLEX NUMBERS \
If z, #0, then

Z, _ X% + iy,
z, X, +1Yy,

Multiply and divide by the complex conjugate z,

L _5utty, 5,

z, X +iy, X, -1y,
_ (X, %, + y1,) + (5,0, — % Y,)

(x3 +2)
In the polar form, we may write
z, =re® =rcis(6,)

z, = 1,e” =r,cis(6,)

i6,
Rachl__hhee Z Ny - 6,)
z, ne% r 7. Bomas
2 2 2 2

= :—l[COS(gl - 92) + zsm(91 - 92)]

2

That is, we divide lengths and subtract angles for the quotient of
complex numbers.

Remarks:
1 1 1
1) —-=- —
zZ r cos@+isiné
1 1-ie 1 .
=—-==¢ =-—ci5(—6
re' re r =€)

-14 -
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Chapter 1 - Complex Numbers

2) 1 = cis(@) = cis(0) = cos 0+1s8in0

1 =cis(x) =cosA+1sing

s F\% ) 2 + 181N il
=S| — | = 2 Rmeg -
! & A \‘. CC 2 2
—:—us.—z\-gost )+isin(—£]
| ) 2
\ <
EXAMPLE 4
Let z, =1-3i,z,=-2+5i, z, =-3-4i, Calculate the following
numbers
z
@ z,z,, (b) =+
23
() _ﬂ:i ’ (d) 2z, 2,24
SOLUTION

(@) z, z, =(1-31) (-2+51)
=-2+5i+6i—15i?
-2+11i+15=13+11:

(b)ﬁz 1—31. _ 1—31.x—3+4z.
z, =3—4i -3-47 -3+4i
_(1—3i)x(—3+4i)
- 32 + 42

_3+4i+9i-127  -3+13i+12
3% +4? 25
=9+13i 9 .13

25 25 25

<15 -
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Chapter
Mﬂ#’/—.ﬂ-/_——_—_—\
z, +2, (1~31)+(-2+51)
13 + 111 13+ 11 -1-2i
B e X T O
-1+ 21 ~1+21 —1-21
B 1+4
_9-37i_2_i§_?_
- 5
(d) z, 2283 = (13+11i)><(—3~4i)
zlzzz3=5—85i
Note:

We can use the formulas

z+2Z z —2

X =

toexpress f in terms of the variables z and 7 .

EXAMPLE 5P

Express f(z) = 4 x*+] (4y?) by 2 formula involving the variable

and Z -
SOLUTION. Calculation reveals that

—N2 —\2

z+1Z . [z—2

(z)=( )+4 —
d 2 ) ( 2j J

-'(l—j)z2+(2+2j)zi'+(1—j)2'2 #

- 16w

o 4
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Chapter 1 - Complex Numbers

o

Special Case

If = is a positive integer, we may apply the product formulas

A =8,
I :: i‘.:-r?r.'rr "

=rr.[cos(@, +6,)+isin(6, + 6,)]
to obtain

T=rT(cosn@«+isinnf) ; n=1,273, ...

If we take » = [, we obtain De Moivre's Theorem in the form
(cos@+1sin@)" =(cosnf+isinnb) ; n=1,2,3,....

Hence. we may write

" =[rag8)]" = r'cis(nb)

If n 1s a negative number, then

" =r"as(-n6)
%z 1, [cos & —isin 8]
= r

Ifnisa = vefraction ,n=p /g , where p,q are integers, then

(cis@)"7 = (cisp@)""
Suppose we put

(cis p@)”* = cisg (1)
<. cis(pf) = cis(qp)
This leads to

Q@ =pb + 2k = ¢=M(2)

17 -
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Chapter 1- Comp]ex Numbers

4 S
=6/4C3=4’ 64—1

4
46154/ C2 2x1 _“9:'

~2if
4i0 +432"’ +6+4e €

=
o

. ~2i0 —4if 4i0
TREESRCRS)

“16
1 [6+8c0529+2cos4¢9]

- —

16

3
0820+ —

1 1
C05‘6=—8—C0546+—2-C g

[2isin 36 — 3% 2isin 6]

- )
8
sin® 6 = —lsm30+§sme

4 4
ROOTS OF COMPLEX NUMBERS
numberwis called the n™ root of the complexm

Any complex
z,if w" =z andisexpressed as: W= I
From De Moivre’s theorem

zV" =[r(cos @ +isin 6)]'"

+ .
RV T {Cos 0+ 2krx +isin 9+2k7z‘}/ k=0,1,2,1"
n n
=20 -

R e e
————
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Chapter 1 - Complex Numbers

2l

From which there will be n - different values for z'7 , i.e. there

L1/m

will be n roots for the complex number =z

The n™ —roots of unity

The solutions of the equationz” =1 ne [ are called the nth roots
of unity.
~=1=z:=cos0+:sin0=1=6=0
the nth roots of unity are thus given by

~i "N
2kx . . 2kx

+1sin : k=0,1,2,3,...,n-1
n n

2r .. 2w :
W = COS— + isin — = ¢'**/"
n n

The roots will be
1l w,w,w,......

EXAMPLE9»

Determine all values of z such that z° = -32

SOLUTION
= =(-32)""° =[32(-1)]"*° =[32(cos = +isin x)]"*

[
| ”_t&.+ismﬂ2.k_”},k=o,1,2,3,4

T 2. ; d - 2ei b
k=0=1z =2 cos—5—+1sm§ = 2[cos63" +isin 63" ]
L

k=1=1z, =2[cos-3—5’£+ism%’—r-]
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EXAMPLE10>
Determine the square roots of the complex number(5S + 12 i) i,

both polar and Cartesian forms

SOLUTION

Polar form
z=5+12i

mod(z)=r=4(3)"+(12)" =13

s)=@=tan” 3_3 =67.38°

Square Roots

Jz =rcis (% x67_\5é°J and z = r"cis (% X (67.38o + 360° ))

Jz =13 cis Gxems") and Jz =13 cis (%-x(427.38° ))

J7 = 3.61 cis(33.69°) and z =361 cis (213.69°)
g

Jz =361 cis(33.69°) and z =361 cis (~146.31°)

Cartesian form

o
to
1

(%81 CamScanner
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Chapter 1 -~ Complex Numbers

Root (1) = 3.61 cis (33.69°)
= 3.61¢c0s(33.69) + i 3.61sin(33.69)
=3+2i

Root (2)=3.61 cis(-146.31°)
= 3.61cos(~146.31) + i 3.61sin(~146.31)

=-3-21

EXAMPLE 11>
Determine the following roots

Q-1+, b)(-2v5-2i)"

SOLUTION
Putw=-l+i=z’=w
In the polar form, we have

r=+1+1=+2
-1 . 1 3z
C058=—-, sin@ = — = _'_9:1350:-—
NG V2 4

W= \/::(cos%+isin~3£fj

5 A (\/5)1/3 {COS(BI/ 4+ 2k7r)+ ; Sin(Bzr / 43+ 2k7z]}

o
;k=0,1,2

k=0=z = (2)1/6[Cos§+isin%:—}

k=1=z,=(2) cos~11”+isin—11”
12 12
-23.
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Chapter 1 - Complex Numbers

PR

e

k=2=>2zy=(2)

197 . . 1971']
1/6 " S
[COb—_——_'lz 4+ 151N 12

/4

1
. 4
~N_" . - ” = W
b) Put w = —«<™— 2i=>z =W = 2Z=

r=Jv12+4 =4
2 BB ongo-2--1
cos@ = n —_7’ sin @ m >
§=1200=77/6
7x/6+2kxr . . 77 ] 6+ 2k
z=w =" {cos-——LZ——-—+ zsm( 5

The solutions are
i n . (77

z, =V2 = |+isin| —

- COS(MJ (24)}

. = V2| cos

EXERCISES
1. | Calculate the following complex numbers
(a) (2+3i)+(5-1)
(b)(-2+6i)—(3 - 2i)
Ans.:8+1,—-5+8i

3. |Ifz,=1+2i,2,=4-3i,2,=-2+3i,2z,=-5-i

/ Calculate the following complex numbers

22 -
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Chapter 1 - Complex Numbers

(a) 2, +2, — 2, (b)zy =z, + 2,

z
(€) 232, — 25 (d) z, +TL
“q
s P Ta Lol
(¢) =—=2 (f)—ts
Z <1 +1.4

oy~ %

)

Express the following numbers in polar form and Cartesian

form
(@) [1.5£14°)

(b) [3£41°]*

(¢) (1+2i)°

(@ (-2-iy

Ans.:7.594.275° ,81.£164°,125.£20.61° , 55.92 — 47.18°

e t—— et ————

A
b -

‘f Express the following numbers in the polar form
(a) (6+5i)’

(5) (3-8i)°

(¢) (-2+719)*

(d) (<16 -91)°

W

/ Calculate all values of (1 +i)H

|6.

|

Determine the square roots of the following complex numbers
(a) 1+1i

(b) 3-4i

(c)7£60°

(d) 124%
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e ————
e ——
~——

________,______———"—‘*d“_"‘-—ﬂ_‘—.
_:._._-——-‘—’-_‘-h\\
for the real numbers, x and,

7. | Solve the following cquations

() 2—31'-—"\/1:4-:'5
(b) (x =2y i)+ (y—3xi)y=2+ 3
(€)(2+D)(3~ 2i)=a+ib

(d)fij =i(x+1y)
(¢) (3+4i)2 —(2x—iy)=x+iYy
N 1+1 4
(})(_1_:_{)+x+iy
(g)(x+iy)(3—2i)=2(x——2iy)+2i—1

=1+i

8. | Prove that
9 2 ~5i
_25(1+2i_ 27511574 24i
21 3+4: —1
9. | Find the four solution of the equation 2zt -2z +4=0
10. ! Find the six solutions of the equation 26 +22° +2=0
1. | Find the cubic roots of the equation —81
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